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Precursory dynamics in threshold systems
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A precursory dynamics, motivated by the analysis of recent experiments on solid-on-solid friction, is intro-
duced in a continuous cellular automaton that mimics the physics of earthquake source processes. The resulting
system of equations for the interevent cycle can be decoupled and yields an analytical solution in the mean-
field limit, exhibiting a smoothing effect of the dynamics on the stress field. Simulation results show the
resulting departure from scaling at the large-event end of the frequency distribution, and support claims that the
field leakage may parametrize the superposition of scaling and characteristic regimes observed in real earth-
quake faults.
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There are many examples in nature of systems whose
ternal dynamics have as an essential feature the separati
time scales into a long-term loading process and a short-t
discharge. In the former, some external source slowly dri
the variables that control the dynamics until these fie
reach some threshold value. When this happens, the fas
namics of the discharge takes over and generates a sequ
of internal rearrangements, called an avalanche in this c
text, which eventually removes the excess through inte
dissipation, or by flow across the system’s borders. Th
dynamical threshold systems have been the object of m
recent interest, due mainly to the fact that they can be re
into a discrete time-evolution form. The resulting discre
dynamics transforms the fast time scale discharge cycle
a sequence of well-defined time steps, in each of which
dynamical fields undergo a stochastic transformation that
pends on their configuration in the previous step as wel
annealed noise. As such, and since the fields are in gen
real valued, we will call these representations stochastic c
tinuous cellular automata~SCCA!.

Physical systems that have been modeled and stu
along these lines are abundant in the literature, ranging f
the firing behavior of neural networks@1# to the dynamics of
domain walls in magnets@2#, the motion of vortex lines in
type II superconductors@3#, the depinning transition in the
growth of interfaces in random media@4#, the dynamics of
the energy release in solar flares@5#, and to the source pro
cesses responsible for earthquakes.

The existence of an interevent dynamical cycle in the
ter is suggested by recent laboratory experiments addres
issues of solid-on-solid friction. A stable slip, with a slo
velocity that increases with the stress level, is observed p
to failure, leading to a partial release of the accumula
stress@6,7#. This stress leakage mechanism is analogous
temperature-dependent viscosity that has been observe
laboratory for the creeping of crystalline rocks, and can
modeled by the equation
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tational Science, Boston University, Boston, MA 02215.
1063-651X/2002/65~5!/056117~4!/$20.00 65 0561
n-
of

m
s
s
y-
nce
n-
al
e

ch
st

to
e
e-
s
ral
n-

ed
m

t-
ing

or
d
a
in

e

ds~ t !

dt
5a

s~ t !2sR

K
, ~1!

wheres(t) and s(t) are the displacement and the stress
time t, sR is some residual stress value to which the syst
decays afters(t) reaches a failure thresholdsF , K is the
elastic stiffness, anda measures the intensity of this stre
leakage effect. This parameter, with dimensions of inve
time, will in general be dependent on both the stress le
and the temperature. An analogous leakage mechanism
also been suggested in the context of integrate-and-fire
ral networks@1#, and it is likely that the results reported he
will also hold in that context.

As a summary, we will show that the introduction of
stress leakage process as an interevent dynamics in a S
model for earthquake faults changes in a dramatic way
space-time patterns it generates. In particular, thea value for
a fault may determine its overall behavior as of a sca
invariant type or a nucleation type, with a mixed compo
tion in between, reproducing features observed in real fa
@8#. The importance of this new parameter in earthqua
source models has in fact been recently evaluated. Its tu
to match the characteristics of each segment in a com
computer representation of the fault network of south
California allowed the generation of space-time patterns
rupture of unprecedented realism@9#.

We will consider here the Rundle-Jackson-Brown~RJB!
SCCA model for an earthquake fault@10#, in its uniform
long-range interaction, i.e., the mean-field version@11#. Ex-
tensive work has recently focused a near-mean-field ver
of this model, where the interaction range has a cutoff a
the model can be mapped onto an Ising-like Langevin eq
tion @12#. Its dynamical variables are two continuous re
valued fields, slipsi(t) and stresss i(t), defined on the sites
i of a lattice. A constitutive equation couples these fields

s i~ t !5(
j

Ti j sj~ t !1KLvt, ~2!

whereTi j is the interaction matrix, or stress Green’s fun
tion, Tii 52K, K5KL1KC , KC5( j Þ iTi j , KL param-
etrizes the loading interaction, andv fixes a relation between

pu-
©2002 The American Physical Society17-1
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the short and long time scales of the physics of the mo
Equation ~2! specifies the stress at each site as long
max@si(t)#,sF , which defines the stress thresholdsF , taken
as uniform over the lattice. The interevent, or loading, d
namics of the standard RJB model is thus very simple;
slip field remains static while the stress field undergoes lin
growth. As soon as the stress at one site reaches the th
old, a fast stochastic relaxation dynamics takes over. The
at a site that fails is discontinuously reset to a new value
leads the stress to assume its residual value, usually
some noise, introduced to represent the disorder in the
ology. The stress drop is redistributed among the interac
neighbors, with an intrinsic dissipation measured by the f
tor d5KL /K:

Ds j5
Tji

K
uDs i u, ~3!

wherei is the site that failed. This increase may cause ot
sites to fail as well, and the process continues until all s
have stress below failure. This cascade of failures, or a
lanche, is the model’s equivalent for an earthquake.

The relaxation dynamics of the model can be cast int
single field formulation that is specially convenient for com
puter simulations. In units of the short time scale,

s i~ t11!5s i~ t !1(
j

H Ti j

s j~ t !2sR

K
Q„s j~ t !2sF…J

1j i~ t !, ~4!

wherej i(t) is the noise term. We direct the reader to R
@11# for a complete and pedagogical discussion of this rel
ation dynamics.

We report in this paper results obtained for the introd
tion of stress leakage, as modeled by Eq.~1!, as an intereven
dynamics of our SCCA model. The equations for these in
event dynamics are obtained by taking the time derivative
Eq. ~2!, substitutingdsi(t)/dt from Eq. ~1!, and choosing,
with no loss of generality,sR50, to get,

ds i~ t !

dt
5

a

K (
j

Ti j s j~ t !1KLv, ~5!

a set ofN coupled equations for the stress field. Witho
introducing any particular form for theTi j , these equations
can be combined to derive the time evolution of the aver
stress for short timess̄(t)5( is i(t)/N:

ds̄~ t !

dt
52a

KL

K
s̄~ t !1KLv, ~6!

with the solution, cast in dimensionless form by definingt̃

5sF /KLv,h5s/sF ,t5t/ t̃ , andf5a t̃ ,

h̄~t!5S h̄~0!2
1

df Dexp~2dft!1
1

df
, ~7!
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which is an increasing~decreasing! function of dimension-
less time ifh̄(0),(.)1/df.

Equations~4! and~5! above define the generic RJB mod
with stress leakage for interevent dynamics. The current
cus of research is on the long-range versions, where the
teraction matrixTi j is nonzero for a substantial fraction of a
pairs (i j ). Ideal elasticity indicates that this matrix shou
involve a dependence on the distance as 1/r 3, as expected
from the results of simple laboratory experiments. Nevert
less, it has been shown that the upper critical dimension
this interaction isdu52 @13# and we can recover the lon
wavelength physics of this model by a simpler mean-fi
formulation. We will thus focus on the mean-field RJ
model, with a uniform interaction matrixTi j 5Kc /(N21),
whereN51/D is the number of sites in the lattice. In th
case, the set of equations in Eq.~5! can be decoupled an
yield a solution that reads, in dimensionless variables,

h i~t!5@h i~0!2h̄~0!#expH 2F12dD

12D GftJ
1S h̄~0!2

1

df Dexp~2dft!1
1

df
. ~8!

From

h i~t!2h j~t!5@h i~0!2h j~0!#expH 2F12dD

12D GftJ ,

we can see that this time evolution of the stress field is or
preserving, i.e.,h i(0).h j (0)⇒h i(t).h j (t), allowing for
the determination of the initiator of the next event by findi
the site with maximum stress at the completion of the pre
ous event. The important effect of this leakage stress dyn
ics in the pattern of failures of the system comes from
reduction it causes in the statistical spread of the stress
with time. A simple measure of this smoothing is obtain
through the time evolution of the variance of the stress fi

var@h~ t !#5var@h~0!#expH 2F12dD

12D GftJ . ~9!

Because of this exponential smoothing of the stress field,
probability of a site to reach failure after receiving a trans
from a failing neighbor increases, and is an increasing fu
tion of the time to failure. As a consequence, the branch
ratio, defined as the average number of failures caused
each failing site, also increases. The system is more likel
undergo larger avalanches, which may even be system w
when the time to failure is large enough.

Because this interevent dynamics preserves order, a
ready mentioned, its introduction in a SCCA is rath
straightforward. The site with stress nearest to failurehmax
after an event is the initiator of the next, and solving fort in
Eq. ~8! for this site determines the time-to-failuretF that will
be used again to update the stress field over the lattice p
to the event. To avoid the time-consuming solving of tra
scendental equations at each time step in the simulation
7-2
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time-evolution equations may be linearized, as long
max$dft,@(12dD)/(12D)#ft%!1, which is true for our pa-
rameters, to read

h i~t!5h i~0!1H 11F 12d

12DGfh̄~0!2F12dD

12D Gfh i~0!J t,

and the solution for the time to failure is

tF5
12hmax

11F 12d

12DGfh̄~0!2F12dD

12D Gfhmax

. ~10!

Figure~1! shows a log-log plot of the frequency distributio
of events as a function of their size. The effect of the str
leakage dynamics shows up clearly in the excess over sca
obtained for large events asf is increased from 0, togethe
with a depletion of the distribution in the intermediate si
range. The slope of the scaling part of the plot also gradu
increases, starting from the mean-field valuet51.5. The
smoothing effect of the leakage dynamics, together with
resulting larger stress average that it causes in the field
whole, results in a higher probability for large events
grow, eventually causing total rupture of the fault@15#.

This smoothing effect is reflected also in the distributi
for the number of topplings, shown in the lower plot of Fi
2. Here, a counter is updated each time a site fails, even
had failed before in the same avalanche. This number refl
more closely the model’s equivalent for the moment rele
in an event. The fraction of multiple failures vanishes in t
exact mean-field limit, and the number of topplings beco
equivalent to the event area. This is no longer true for
model with stress leakage. The single maximum at the up

FIG. 1. The frequency distribution is shown for dimensionle
leakage factorsf51.0 and 2.0; the plot with no leakage is show
for a comparison. The simulations were performed on a 1283128
lattice, with a dissipation factord50.01 and a noise amplitude o
0.5. Data for this and all subsequent plots were collected fr
3 000 000 events, after a transient of the same order, and
logarithmically binned.
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end of Fig. 1 corresponds, in fact, to very different mome
releases, as shown in Fig. 2. An intriguing feature of t
latter is the double bump at the large end, located close
integer multiples of the system size. They suggest that t
rupture of the system is more likely, in this region, than o
would naively expect.

The upper part of this plot shows the distribution of eve
durations, defined in the model as the number of update
the fast time scale that are required for relaxation. Again,
model with leakage reflects an excess of longer events o
scaling: events with some range of large durations are m
frequent, and the plot shows a local maximum close to
high end.

The SCCA models with no leakage dynamics show
signs of a characteristic-event regime. The power spect
of the distribution of interevent times for large size events
white. The inclusion of leakage dynamics, however, chan
this aspect radically, as shown in Fig. 3. The distribution
interevent times has a pronounced maximum, correspon
to a characteristic period between large rupture events. T
feature is tuned by the leakage parameter, and will be m
dominant as it increases.

The effects of the leakage dynamics on the statist
properties of the model’s stress field are made more exp
in Fig. 4. This plot shows the time evolution, in the slo
time scale, of its average value and roughness, together
the configuration entropy. This last quantity is a measure
the degree of ordering of the stress distribution@14#. Notice

s

re

FIG. 2. The frequency distribution for the number of topplin
and for the dimensionless event duration are shown for effec
leakage factorf52.0; the plot with no leakage is shown for
comparison.
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that the average stress is an increasing function of the
between large events, both for the model without and w
leakage, but that in the latter the overall average is higher
opposed to what was seen in a SCCA model with no leak
but with varying dissipation and weakening of failed sit
@14#, we do not recognize a mode switching dynamics
present in our case. It remains to be seen what features w
result from a combination of these dynamics.

We presented in this paper a SCCA model with aseis
creep superimposed on a seismic threshold dynamics, a
cent laboratory experiments have shown to exist on solid-
solid friction. In a mean-field approximation, with infinit
range of uniform interactions, the equations for the int
event stress time evolution can be solved. Computer sim

FIG. 3. The frequency distribution for dimensionless interev
times between large events that rupture a fraction of 0.9 of the
sites is shown for the dimensionless leakage factorf52.0. The plot
shows the establishment of a characteristic event regime, supe
posed on a complex background.
,
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tions of the resulting SCCA model, combining the two d
namics, show a superposition of complex time and sp
patterns with a more regular occurrence of characteri
events, with rupture of the entire fault.
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FIG. 4. The plot compares the time evolution of the dimensio
less average stress, roughness, and configuration entropy fo
model with no leakage (f50) and with leakage (f52.0). The
upper plot shows the area of events in the time window selected
a fraction of the lattice area. The model with leakage shows a m
more regular dynamics and allows a larger buildup of the aver
stress, together with smaller roughness and entropy, which lead
a characteristic event regime.
.
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